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Bang ky hiéu

N Tap hop cac s6 tu nhién khac khong
Ny Tap hdp cac so6 tu nhién 0, 1,2,3,4, ...
R Tap hop céc sd thuc
R* Tap hop céc sb thuc duong
Z X =X+Yy+2

cyc
Z vz =Xy + Y7 + z2x

cyc
D -2 ==+ (-2 + (2 %)

cyc

2 2 2 2
D X0+ =P+ +yEH 0+ +y)
cyc
Z yz] sin nA|" := yz| sinnA|" + zx| sinnB|" + xy| sin nC|"
cyc
alb a la udc cua b.
A
ITcos” 2 := cos” % cos’ g cos® %
[1sinnA := sin nA sinnB sin nC
2n+1 2n+1 2n+1 2n+1
IIcos A = COS TA coS TB coS TC
2
IIcosnA := [Icos nAllcos nBIlcos nC
— A B . C
ITcos* — ;= cos™* 5 cos’ 5 cos® 5
2n+1
tan " A :=tan %A + tan %B + tan %C

: : 2

cyc
Z cotan nA := cotan nA + cotan nB + cotan nC

cyc

H(l + k cos? nA) := (1 + kcos?nA)(1 + kcos> nB)(1 + k cos® nC)



Mé dau

Trong tit ca cac mon hoc, ching ta déu biét rang Todn hoc 1a bd mon gitip
chung ta rén luyén tu duy, logic va phat trién tri tué mot cdch toan dién. Todn
12 qua trinh tich liiy qua nhiéu nim hoc tap, dic biét trong qu4 trinh nghién ctiu
khoa hoc nhiing cong thiic, phuong trinh hay bét dang thic that 13 méi mé va
thu vi.

L6p bat dang thic 12 mot dang toan phd bién trong chuong trinh phd thong.
Hang niam, trong cac ky thi chon hoc sinh gidi cac cap, thi dé tai v& bat dang
thic thudng dudc chon lya. Va hién nay, cling da c6 nhiéu tai liéu tiéng viét vé
bt dang thic, tuy nhién, nhiing tai liéu khai thac vé lich st ctia bat dang thiic
khong nhiéu, chd yéu khai thac siu vé cc chuyén dé cu thé cia tiing bai toan
bét dang thiic. V6i khudn khd luan vin thac si Toan hoc, chuyén nganh Phuong
phéap Toan so cip, toi chon lua dé tai vé bat dang thiic xoay vong véi ddi tugng
12 cac biéu thiic nhiéu bién d6i xting. Mic du cdc bai toan riéng 18 vé biéu thic
nhiéu bién d6i xiing da dudc nhiéu tic gia khai thac va cai tién bat dang thiic
tuong Ung. Vi nhiéu ly do trén ching tdi da chon dé tai luan vin 1a “Bét dang
thic xoay vong va vin dung”. Luin vin xoay quanh chi dé vé bat dang thiic
xoay vong, véi cic két qua kinh dién nhu bat dang thic Schur, bat dang thiic
Shapiro,... Noi dung cta luin vin khong di sau vao tong hop cdc bai tap va I6i
giai vé ctia 16p bat dang thifc xoay vong, ma di sau phan tich vé lich st phat trién
ctia dang bt dang thic nay. Két qua chinh ctia luan vin Ia trinh bay lai ndi dung
cua chuong X VI (“Cyclic Inequalites™) tai liéu [[13]], cac tai liéu trich dan tuong
ting trong sach va tai liéu tham khao cudi luan vin. Cu thé luin vin da trinh bay
nhitng van dé sau:

Chuong 1. Trinh bay céc dang ctia bat dang thiic Schur, tit dang rdi rac dén
dang lién tuc (ddi véi 16p ham duong 16i hodc don diéu).



Chuong 2. Trinh bay dudc cac mot sé dang bét dang thic xoay vong cd ban,
chang han nhu 16p bai toan cho ba s6 duong, cic dang bét dang thifc xoay vong
c6 yéu tb luong gidc, dang kiéu tam gidc, bat dang thic Shapiro, mot s6 md
rong, va cac bai toan van dung, téng quat héa mot s6 bai toan trong cubn sich
kinh dién vé bit dang thiic hinh hoc “Geometric Inequalities” xem tai liéu [4].

Trong qua trinh hoc tap va nghién cuu tai truéng Pai hoc Khoa hoc, Pai hoc
Thai Nguyén, em luén nhian dudc su quan tdm va gitp dd clia cac thay cd ciing
nhu toan thé anh chi em tap thé 16p Cao hoc Toan K11B. Bai luin vin nay nhu
mot 13i tri An t6i tt cd vi da truyén thu cho em nhiéu kién thic va tinh than quy
bau trong sudt thdi gian em 13 hoc vién cla trudng.

Dic biét em xin dudc bay té 1ong biét on sau sac t6i TS. Tran Xuin Quy da
luén quan tam 4n can, chi bao, khich 1& va gép ¥ sau sic cho em trong sudt qua
trinh hoc tap ciing nhu thuc hién dé tai. Em xin chan thanh cAm on nhiing ngudi
than yéu da gidp dd, dong hanh cung em trén ching dudng viia qua!

Thdi Nguyén, ngay 28 thdang 12 nam 2019

Hoc vién

Bui Thi Nhét Ninh



Chuong 1
Ve bat dang thiic xoay vong

1.1 MGt s6 kién thitc chuin bi

Trong muc nay sé trinh bay mot sd bt dang thifc co ban nhét lién quan dén
ludn van, mot sd hé qua ctia cac bat dang thiic nay ma c6 st dung sé khong dudc
trinh by, ma dudc chi ra nhu hé qua hién nhién. Cac hé qua ctia cc bat dang
thdc trinh bay trong muc nay va cic bat dang thiic lién quan c6 thé xem trong
tai liéu [3] cia GS. Nguyén Vin Mau.

1.1.1 Bt dang thitc AM-GM

Bit dang thitc AM—GM hay con dudc goi 1a bat dang thiic gifta trung binh
cong va trung binh nhan dugc viét tat 1A AM-GM hoic mot sb tai lidu viét 14

AG, c6 ndi dung nhu sau:

Pinh Iy 1.1.1 (Bit dang thic AM-GM). Gid sit ay,as, . .., a, la cdc sé khong

am. Khi do
a+a +---+a,
= \ai.ar...a,.
n
Ddiu ding thitc xdy ra khi va chi khi a, = a, = - - - a,.

Bit dang thifc trén c6 thé viét lai,

1 1 1 11
—ay+—ay+---+—a, 2aja;---ay.
n n n



Tur y tudng nay, ngudi ta da chiing minh dudc két qua téng quat hon 1a: Véi a;
la cac sb khong am, c6 tong bﬁng 1, va g; 1a cac s6 duong (i =1,2,...,n),thita
c6 bat dang thiic

a)

(0%) a,
1 a

aay +@ax + - @ua, 2 a; Ay ... Ay,

.a

DAu dang thic xay ra khi va chi khi a; = a, = - - - = a,. Bit dang thifc nay dudc
goi 1a bat dang thiic AM-GM suy rong (hay con dudc goi 1a bt dang thic trung
binh c6 trong s6 hay bit dang thiic trung binh liy thita ¢é trong s6).

1.1.2 Bét dang thitc Holder, Jensen

Trudc tién, vé bat dang thiic Holder ton tai & nhiéu phién ban, tuy nhién
chiing toi chi trinh bay & dang dai s6 va gidi tich cd ban, ma ching phu hop véi
chuong trinh phd thong.

Két qua duéi day dudc goi 1a bit dang thiic Holder.

Pinh ly 1.1.2 (Bit dang thiic Holder). Cho a = (a1, as, ... ,a,) vab = (b, by, ..., by)

la hai bé n s6 thuc dwong va p > 1, — + — = 1. Khi do ta cé bdt ding thiic sau
P 9

1o 1
Zaibi < (Z ag’] (Z bf) . (1.1)
i=1 i=1 i=1
Ddu bang xdy ra khi va chi khi af = kbiq voimoii€{l,2,,...,n}.

Bit dang thic (T.1) véi p = g = 2 con dudc goi la bt dang thic Cauchy-
Schwartz hay con dugc goi la Buniacosky-Cauchy-Schwartz.

Két qua tiép theo 12 bat dang thiic Holder & dang giai tich, chiing toi chi trinh
bay két qui ma khong chitng minh.
Pinh ly 1.1.3 (Bit dang thiic Holder dang giai tich). Gid sit (p, q) la cdp s6 mii
lién hop, tic la théa man diéu kién p,q > 1 véi — + — = 1, f va g la hai ham sé

P 4

lién tuc trén doan |a, b), khi do

b b S b 7
f lf(x)g(0)ldx < (f | f ol dx) (f lg(0)|? dx) (1.2)



Ddu “=" xdy ra khi va chi khi tén tai hai s6 thuc A va B khong dong thoi bang
khong sao cho
AlfIP = Blg(x)l?  VYx € [a,b].

Tiép theo la bit dang thiic Jensen: Ham s6 16i hay goi tat ham 16i 1a mot khai
niém quan trong trong todan hoc. Cac két qua vé bat dang thic ddi véi 16p ham
10i rit da dang trong giai tich todn hoc, d€ lién hé t6i ndi dung cda ludn vin,
chiing toi trinh bay mot két qua kinh dién cia 16p bit dang thiic nay, d6 1a bat

dang thic Jensen.

Pinh Iy 1.1.4 (Bit dang thic Jensen). Gid sit ham s6 f : (a,b) — R 16i trén

khodng (a, b). Khi do véi moi xi, ..., x, € (a,b) ta cé bdt dcfng thitc sau
X1+ -+ X, Jxp)+- 4+ f(xp)
A ) < .
n n
Ddu bang xdy ra khi va chi khi x; = x, = -+ = x,,.

1.2 Vé bat dang thitc Schur

Céc két qua vé bat dang thiic Schur dudc nghién citu va st dung trong nhiéu
khia canh cta Todn hoc. Trong khuon khd luan vin Thac si Toan hoc, chuyén
nganh phuong phéap Todn so cip, toi chi trinh bay hai trudng hop riéng cla bat
dang thic nay ma dbi tugng gido vién va hoc sinh phd thong cé thé van dung
dudc.

1.2.1 Bt dang thiéc Schur roi rac

Trudng hop dau tién ma J. Wolstenholme trich din trong cudn sach “A Book
of Mathemtical problems (1867)” 1a bai toan sau:

Néu a, b, ¢ 1a cac s6 duong ddi mot khac nhau thi ta cé bit dang thiic,

ala—-b)a—-c)+bb-c)b—-a)+c(c—a)c—b)>0va
a(a—-b)a-c)+bb-c)b-a)+c(c—a)c-b)>0.



Pinh ly 1.2.1 (Bt dang thic Schur). Néu x, y, z la cdc sé dwong va A la sé thuc
tity ¥, thi ta ¢ bdt ddng thiic sau

x-y)x -2+ Y- -2+ -2z -y =0. (1.3)
Ddiu ding thiic xdy ra khi x =y = z.

Chitng minh. PatT = x'(x—y)(x —2) + y'(y = 2)(y — x) + 24 (z = x)(z — ). Néu hai
trong ba sd x, y, z bang nhau thi hién nhién bét dang thiic ding. That viy, chang
hany =z, T = x'(x — y)>. Khong giam tinh tdng quat, gia st rang x > y > z. Vi
A 12 s6 thuc tlly ¥, nén ta xét hai trudng hop; A > 0 va A < 0:

Néud>0thil =(x-y) {xﬂ(x —2)—yi(y - z)} + 7 (x -2 -2)
>(x-y (' -y -2+ -6 -2
> 0.
Néud<O0thil = x{(x—»)(x-2)+ (-2 {—yﬂ(x — )+ (x - z)}
> ¥ (x—y)(x -2+ —2) (—y’l + zﬂ) (x—2)
> 0.
Viy bat dang thiic dudc chitng minh. O

Bit dang thic (T.3) dudc goi la bit dang thic Schur. Pa c6 nhiéu md rong
ctia bt dang thic Schur. Két qua dudi day dudc xem 1a mot mé rong so cap nhit
ctia loai bt dang thic nay ctia U. C. Guha (1962) nhu sau.

DPinh ly 1.2.2. Néua,b,c,u,v,w la cdc sé thuc duong va thoa man cdc bdt dcfng

thiic sau
ar +cr < b, (1.4)
T W > Vi (1.5)
khi do, néu p >0, thi
ubc — vca + wab = 0. (1.6)

Néu -1 < p < 0 thi cdc bat a"afng thitc trong (1.5) va (1.6) doi chiéu; néu
p < —1 thi cdc bdt dcfng thitee (T.4) va (1.3) doi chiéu. Trong moi truong hop,



